Technical Appendices

Appendix A. Derivation of Condition Equity Premium (Equation (11)).

Recall the return on equity is:
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Taking logarithms and using the log approximation employed in the text
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(A1) log =1 — 1| = _logl —L| + logl —=1| + plog —=L| + k.
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Define (1 + rtf) asthe (gross) risk freeinterest rate. Notethat (1 + rtf) =

1
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the logarithm of the conditional equity premium
Pt+1 * Dt+1 f
(A2) log(1 + EP) = log| E, — /(1 + 1)
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Assuming log normality:
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(A3) log(l + EP) = - log D + E,log 5 + pE,log 5 + k

t t t+1

1 Dt+1 Pt+1
+—Var/ lo + plo

1
+ ElogM,,,) + EVart(log(Mm)).

t+1

P
Using equation (10) in the text to substitute for log[ FtJ in equation (A3), yields
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(A4) log(l + EP) = - Covt[ log(M,, ), log[ ];1] + plog

t




T-2
Appendix B: Calculateimplied VAR ratio from our model
Variance ratio implied by our model as k tends to infinity is given by:
var (dt+k B dt)

ok valv) _osms
“ va(d,, -d,) var(d,,-d,) 31512

(B1)

Recall that ¢ = ¢/ +¢* . Thevarianceof Ad,isgiven by:
(B2 var(Adt) = var(v{jf ) +2 cov(v{jf df‘) +2 var(df‘) - Zcov(df‘df_l)

Note that cov(v' d2,)=0,and var(d?) = var(d®,) and cov (d? d2,) = cov (d2, d2,) as d’

is stationary. Recall aso that

(B3) df = 6,dy, +6,d, +V{* .
Thus,
(B4)  var(d?) = (62)var(dz) + (62 )var(d?) + 26,6, cov(d2d?,) +var(ve)

0, var(d,”)

(1-0,)
Using (B4) and (B5) to solve for var(d,”), yields

(B5) cov(d,’d%) =

var(v,")

(B6) var(d,’) = LI —
(1-8,)(1-8%-02)-20%8,

Substituting in (B2) yields )
2(1-0,-0.)var(v,"®
2 A2 2
(1 - 62)[(1 - 62)(1 - el - 62) - 26162]
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Appendix C. Implicationsfor future expected real returns.

P._.+D
The gross (one period) return on equity isdefined as R,%, = ( %) . Taking alog
t

approximation yields,

P,

D,

€ Dt+1
log(R;,;) = log - log
Dt
where p = exp(log(P/D)*#)/(1 +exp(log(P/D)*'8)) and
k = log(1 + exp(log(P/D)*8)) - plog(P/D)*® with log(P/D)*# being the average of thelog
price-dividend ratio over the sample.

P
Using equation (10) to substitutein for log( Ft] , We obtain:
t

D D
(C1) logRs) = - ElogM,.) + log( ];”] - EJogl ——

t

P P
log[ ol ) - Et[ log| 2
Dt+1 Dt+1

- lVAR(log(M D) - Llyvar log Dey + plog P
2t t 2] D D

tp

t t+1

log(M,, ), log[ Dt”) + plog( P“l] )
Dt Dt+1

Note that expected real returns (conditioned on time t information) will depend only on the

- CoV,

conditional expectation of the discount factor and the variance/covariance termsin equation
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(C1).
We can also write the log gross real returns of stocksin terms of our state space model:
(C2) logRSy) = HyS,,, - [H,A-pF)'F - H (-pF)IS,
+ p[H I - pH)'F - H (I-pF) ]S,

where

H, = (1,1,0,1,1,0,0,0,0, 5. ), H_ = (0,0,0,0,0,0,1,0,0, 5. 1), and

1x5(m-1)
H, = (1,0,0,1,0,0,0, O’OIXS(m—l)) with m equal to number of lags for the partia adjustment
factors (d,°,m,", ;) and the equity and term premium factors (ep,,tp,) -

The average multi-period returnisgivenby R, = (InI Rm)”n. The expected multi-

’ i=1
period (log) returnsis:
1

ElogR,) = Ez; E log(R,,).
Using the state space model, the multi-period real return for equity is given by:
E log(R,y) = —fﬁ E[H,S,,; - [HA-pF)'F - H A-pP)'IS,,;

+ p[H,d-pF)'F - H_(I-pF)1S,, ]

1 i - 1 pi- - i
- LY [H,F - [, pB) "0~ pF) TF ™+ p[H, - pF) 'F - H, (- pPIE IS,
i=1
WhereStIt isthe conditional expectation of S given information at timet. After more algebra,

expected n-period real return is:

(C3) E,logR,y = —(H -H)I-F)A-F)'FS,, + —H SA-FH(I-F)'S

tit !

Theterm 1 H,-H)I-FHI-F)'F S inequation (C3) isjust the expected (minus) future n-
n

period discount factor (see equation (C1) above). Theterm chp I-FHI-F)! S 1N equation
n
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(C3) isthe effect of the equity premium factor, ep,, in the log(P/D) equation.

Similarly, we can calcul ate the multi-period real returns for long bonds (held to maturity):
1 " .
(C4) ElogR,y) = —(Hy - H)(A-F (- F) 'FS, + H,S,,

where H,, = (0,0,0,0,0,0,0, 1,01x5(m_1)). Htp S, isthe contribution of the term premium factor
in the long-term interest rate equation. Finally, the expected real return to holding a sequence of

short bonds over n-periodsis:
s 1 n _
(C5 E(logR.) = —(Hy - H)(A-F (- F) IFS,.

Thus, al expected multi-period real asset returns share the term% (H;-H)A-F (I - F)'F S,
which is the expected future n-period discount factor.

Because we demeaned the data before estimating the state-space model, to calculate the
expected real returns displayed in Figures 10 and 11 we added back the sample means of the

variables, thus;
1
n

+ loglD,, /D¢ - (1-p)loglP/D e + k

(C6) ElogR,y) = %(H_,, -H)I-FHA-F)'FS, + —H (I-FH(I-F)'S,

1 n - : njav; av,
(C7) E,logR,,) = —(Hy - H)(A-F (- F) 'FS, + H,S, + (1t) E - mpve,

(C8) Elog®.Y) = L(H,-H)I-FOI-F)'FS, + [{/J*® - =2,
t | n 3 1 t t
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where log(DH/Dt)a"g, 1og(P/Dt)avg, (itn)avg, (itl)avg, and,*& are the sample averages of dividend
growth, log price-dividend ratio, long-term interest rates, short-term interest rates, and inflation,

respectively.
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Appendix D: Proof of Identification

Consider state space model given in equations (23) and (31). Rewriting these yields:
(D1) Y,=HS, +W,
(D2) S=FS;+Gy,

where v, = (v, v", v, v® v™ v®)', with E[v, v,] = Q, E[W, W,] =R, and

D |6x6 D
G= %) . Qand R arefull rank.
3(m-1) x6 [ ]

In our estimated model we set m=2, so that the dimension of the state vector is 9x1.

Proof of identification follows that outlined in Burmeister, Hamilton, and Wall (1985)
and Wall (1987). First, we show that the state space model is minimal. This requires the model
satisfy controllability and observability conditions. DefineC=[G FG...F‘G..... ].

Controllability requires the matrix C be of rank equal to number of state variables (here 9) (see

Aoki (1987)).

Consider the following sub matrix of C: [ G FG]. For the case where m=2,

D 3x3 03x3 I 3x3 03x3
[G FG] = %)3x3 las O30 6
B)3x3 03x3 03x3 l 3x3

I |

By inspection, we see that this matrix hasrank = 9. Thus, the state space model satisfies the

controllability condition.

Define the observability matrix O,O=[H FH (F)’H ...(F)'"H ...]
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Observability requires that matrix O to be of rank equal to number of state variables (whichin

the basic model is equal to nine). Recall, for m =2

H, (I - pF)'lF 0
0 1 ) . B H, = (1,1,0,1,1,0,0,0,0)
53 " BHZ no F)a - P FD H, = (0,-1,1,0,-1,1,0,0,0)
(D3) T [H,F % H, = (1,0,0,1,0,0,0,0,0)
%"3 o H,=(0010,0,10,0,0)
., H
After some tedious algebra one can show
01 | | 0
—— s | Oy : O3 0
4 %—-‘3---{ --------------------------------------- 0
(08)  (1-pF)'F=0p | (-pB-p6) (@ +p8) (1-pa-F8)" ¢
E)gxg | (1= p6, - p*6,)™ (1-pg-p86)" p@%

and



(D5) %(I -F")(

1
- ()]
0, | -[(1-C

where

ch cgfgg Dql_i_g)z__d“
O 1cOn Has | Osol]
e o oD
n — O (mm 0
C' =00 Cj 00
U (d [J
00 0 &7p

- |:)-1|:

C{ isa3x3 diagonal matrix denoted by:

OS)&S ____________
IS0 <) -q -8)* 4
% CY -C(I -9 -6)76,
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After more algebra, we can write

1 1
- 0O 0 10 — 0 0 1 o%
g-p 1-p 3
1 1
- -1 -1 00 — -1 -1 0 ob
(1-p 1-p U
E 0 1 1 01 0 1 1 0 1%
o FH]=O0Hw 0 0 10 6'H, + Hy, 0 0 6 0(
EHIS H25 H35 0 0 leH15+H18 elmH25+H28 elmH35+H38 0 OS
D O H26 H36 0 1 0 elnHZG + H29 617TH 36 + H39 0 glnD
SHy 0 0 00 6H, 0 0 6 0p
EHB H28 H38 0 0 92mH15 92mH25 92mH35 0 OE
0 0 H29 H39 00 0 eanze 92"H 36 0 ean

where

w=(1- 87 - p%68) (& + p8)

5= (1= 08" - p%er) (8" + o)

17 (1_ po; - pzezd)_l e

= (1- 06" - p%67) gy

1= Ef ot - oo -l - - )
o = - co-cefors a-cg o -c f-a Ja-a ~a )

Hy = _%gl_ Cﬂ)m - ng)m )(1_ le - ezm)_l sz

Hy = @%%1_ ng)n_ C(lr;) n)(l_ Gln_ ezrj_l 6, "

H
H
H
H
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Thematrix [ H' F H'] will haverank =9if 9/ + 8} <1 i=d,m, &
and 6 #0 i=d,mn j=12

We now show that this minimal state space model isidentified. Consider two separate
state space vectors S, and Sy, where S, = T Sy). T isasquare, nonsingular matrix. These two
state spaces are observationally equivaent if:

TFO = FOT HO = HOT

TGO =G® QW =Q® RO = R®
If T =1, then S, = S, and the state space model is globally identified.

It will be convenient to partition the T matrix in the following way:

|

IT2
. —

|

I 74

[ -

—
1
G

w

where T, isa3x3 matrix, T, isa3x6 matrix, T, isa6x3 matrix, and T,isa6x6 matrix.

Similarly, partition the F matrix:

Consider the condition T FY = FA T, Thisimplies:

o1 T,c%0 0T 1 T, O
=== = — ==t
T, i T.ehg T EOT, | co,f

Thus’ TZC(l) = T2! T3 = C(Z)T3! and T4C(1) = C(Z)T4

Partitioning T,,

T, =12 T2,
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where Tji ,j=1,2andi =2 are 3x3 matrices. The condition T,CY =T, yields

e a] =1 7]
Thisimplies T/8/" = T2 whichin turnimplies T2(1 - 8/” - 6%) =0. Aslong as
(6 +6® #1) then T2 =0and TZ = 0. Thus, T, =0.
Turning to T,, partition this matrix into:
3
1
3

T, = DT 0 T2 isa3x3 matrix.
.0

J
Recall that T, = CA@T,. Thisimplies:

ore0 EB<2)T3 +69T;0

O
ELI_23 1 a.
Thus, (| - 6P - 69 )Tf = 0. Again, aslongas 8 + 8 # 1, then T2 =T} =0,

Asaresult, T; = 0.

Now, consider HY = HAT. Partition H matrix:

J1-p) " H,, Ho(1-pc)’c B
5 H, HZZQ—E(I c')i-0) e
H - % H21 H22C E
D H3l H32 D
4 H, Hoy H

where

H; = [Hii e Howel 1=1,....4



T-13
for H; defined in equations (24), (27), (29), and (30) in the text.

Thus, HAT is given by:

3 (1-p) "HET, +HZ(1 - pc®) T, (1-p) THET, +HE(1 - pC?) T, S
] 1
ﬁ—ﬁ;ﬁ +HQ %gﬂ c@)(i- c@)"c®T, HAT,+HZ Qﬁgﬂ— c®)(i-c®) ceT,
@
eE HET, + HOCOT, HET, + HOCOT, :
E HE T, + HGCOT, HET, + HZCOT, .
0 HET, + HZCOT, HET, +HZCOT, 0

Write the elements of the T, matrix as

ot ... TiO
ot .t
T=0

: .. [
ETS:Ll T3135

Because T,= 0, H?T = H® implies:

(1-p) "HOT, =(1-p) "HO O (TH T4, Ty Ti, T TLF (100)
HOT, =HY O T4 T4, -T% Th, -T3 ToF (0 1),
HOT,=HY O (T4, T5, TaF (20,0),

HOT, = HO 0 (T4, T3, T2} (00,)

Thus, T, =T, =T, :1andT”1:0 1 Z2]. S0T; =154

The condition H? T = H® also implies:
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HE (1 - pC?) "CPT, = HY (1 - pC¥)C,
85 -y -co)cor, -naBi- ol oo
HECPT, = HACO,
HET, = HY.
HET, = HE.

Denote T,=0: 'O

ETei TeéE

Now,
H2 T, = (TflTﬁ;) = (1,0,-,0) = HY

Thisimplies TS =1, Tl‘j1 =0 j#1.
Similarly, HY T, = HY) implies Ty, =1, T; =0 j#3.
Also, recal that

HECOT, = HET.C® = HECO.
which implies

[H2T, - HE]cw =o.

Aslongasegl), Bgl) # 0, then T;} =0,j # 2 with T242 = 1.



Finally, recall T,C® = CT,,

4 nd(1) 4 4 Aom(1) 4 4 on(l) 4 4 Ad(1)
Hrllel + T14 T1261 + T15 T1391 +T16 T11 92

0
0
0
T,CY =0
0
0
0 . . . .
4000 + T4, THOMO + T4 TEO® +T4 T460
00/OT +Th6,@ . . . . gOTy +T8@ 0
[ﬁlm(Z) T241 + T54192m(2) S elm(Z) T246 + T546 ezm(Z) 0
COT. = BHF(Z)T:; + Tglezn(Z) o elr(Z)T:?e + Tée@@ E
‘0 T Lo T 0.
. T, T .
% Ts Ts, %

TaE

T

g0
T24392N(1) U
T8

MOOoOd

T 6

Using the condition T,C® = C®T,, wecanshow Ty = 0 for j = 4, Ty, = 1,

T545 =0forj=5 T, = I,T; =0 forj # 6,andT;6=1

Summarizing,
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T1= g Ty = lge T2 = 056 T3 = 0geq Whichimpliesthat T =1. Thus, the model isidentified.



